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Abstract 

The existence of self-similar solutions with fat tails for Smoluchowski's coagulation equa- 
tion has so far only been established for the solvable kernels and the diagonal one. In this 
. paper wc prove the existence of such self-similar solutions for continuous kernels K that 

' arc homogeneous of degree 7 S (—00, 1) and satisfy K{x, y) < C{x'^ + y"')- More precisely, 

for any p G (7, 1) we establish the existence of a continuous weak nonnegative self-similar 
' profile with decay x~^^'^p'> as a; ^ cxd. 

. For the proof we consider the time-dependent problem in self-similar variables with 

the aim to use a variant of Tykonov's fixed point theorem to establish the existence of a 
stationary profile. This requires to identify a weakly compact subset that is invariant under 
the evolution. In our case wc define a set of nonnegative measures which encodes the desired 
decay behaviour in an integrated form. The main difficulty is to establish the invariance of 
the lower bound under the evolution. Our key idea is to choose as a test function in the 

■ time dependent problem the solution of the associated backward dual problem. 

>: 

0\ . AMS subject class: 45K05; 82C05 
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1 Introduction 

1.1 Smoluchowski's coagulation equation and self- similarity 

In this paper we investigate the existence of so-called fat-tail self-similar solutions for the classi- 
^ ■ cal coagulation equation by Smoluchowski [19] that describes irreversible aggregation of clusters 

^ ! through binary collisions. If /(^, t) denotes the density of clusters of mass ^ at time t, the evo- 

■ - - ■ lution of / is given by 



Otf{^,t) = - K{C,r,)f{^-r,,t)f{7],t)dr,-f{C,t) K{^,ij)f{r,,t)d7], (1) 
^ Jo Jo 

where the rate kernel K describes the rate of coagulation of clusters of size ^ and tj. This model 
is used in a wide variety of applications, most notably in the kinetics of polymerization and 
aerosol physics, but also in astrophysics and mathematical biology, for example. We refer to 
[H El [12] for further background on applications of ([1]) and its mathematics. 
In the following we consider homogeneous kernels with degree 7€(— oo,l). It is well-known 
for a large class of kernels that in this case for data with finite first moment, the model ([1]) is 
well-posed and preserves the first moment for all times. Well-posedness of the model for data 
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with possibly infinite first moment but finite 7-th moment has also been established for a range 
of kernels [10] . 

A fundamental issue in the theory of coagulation is the so-called scaling hypothesis that states 
that for homogeneous kernels solutions approach a unique self-similar profile for large times. 
Despite a significant range of results based on formal asymptotics (see in particular \14\ I20j ) 
mathematically rigorous results supporting this hypothesis are still rare except for the special 
case of solvable kernels, that is K{x, y) = 2, K{x, y) = x + y and K{x^ y) = xy. Self-similar 
solutions for kernels of homogeneity 7 < 1 are of the form 

/(e,i) = :^5(|), a = l + (l+7)/3, (2) 



where the self-similar profile g solves 

j-x poo 

-{l + {l+-f)(3)g-(3xg'ix) = - K{x,y)g{x-y,t)giy,t)drj-g{x,t) K{x,y)g{y,t) drj . (3) 

^ Jo Jo 

Since for some kernels one cannot necessarily expect that the integrals on the right-hand side 
are finite, it is convenient to rewrite the equation. In fact, multiplying the equation by x and 
rearranging, a weak formulation of ^ is that g solves 



(3d,{x'g{x))=d, / / yK{y,z)g{z)g{y)dzdy + - l)xg{x) (4) 

L Jo J x-y ^ 

in a distributional sense. If one in addition requires that the solution has finite first moment, 
then this also fixes /3 = 1/(1—7) this case the second term on the right hand side of @ 

vanishes. 

Let us now first describe what is known about self-similar solutions and the scaling hypothesis 
for the constant kernel which is the only solvable one with homogeneity smaller than 1. In 
this case it is easily checked that there is an explicit self-similar solution with finite mass, 
given by the self-similar profile g{x) = e~^. Convergence to this self-similar solution has been 
established under some assumptions on the initial data in several papers (Sj IH \TT\ I13j . A 
complete characterization of its domain of attraction has more recently been given in |16| . 
Moreover, it is also proved in [16] that there exists a family of self-similar solutions with infinite 
mass, so-called self-similar solutions with fat tails. More precisely, it was established that for any 
p € (0, 1) there exists a self-similar profile with decay x~^^~^p\ Furthermore it is shown that a 
solution to the coagulation equation converges to the self-similar solution with decay behaviour 
a;-(i+p) if and only if the integrated mass distribution is regularly varying with exponent 1 — p- 
The proof is simple and elegant, but relies on the use of the Laplace transform and hence the 
methods are not applicable to non-solvable kernels. 

In fact, for non-solvable kernels significantly less is known about the scaling hypothesis. Only 
rather recently results on the existence of self-similar profiles have become available [TJ [8] and 
certain properties of these profiles have been established O (HJ [9]. However, until now their 
domains of attraction under the evolution ([TJ are completely unknown and related to this, 
uniqueness of self-similar profiles (in a certain class, e.g. with finite mass) is still an open 
question. 

Furthermore, also the existence of self-similar solutions with fat tails has not been established for 
non-solvable kernels apart from the diagonal one |18j . It is the goal of the present paper to show 
the existence of self-similar profiles with fat tails for kernels of homogeneity 7 that are bounded 
by C{x'^ + y^)- As we point out in Remark 11.21 this covers a wide range of kernels considered 
in the literature, but does not address some other kernels of interest, such as Smoluchowski's 
classical kernel {x^/'^ + y^/^)(x~^/^ -1- y~^/^). 
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1.2 The main result 

In order to present our main results and the ideas of the proof we go over to the mass density 
function h{x,t) = xg{x,t) and introduce the parameter p = 7 + Then, after rescahng, the 
time dependent version of equation ([4]) becomes 



dth + 

with initial data 



J x—y 



P[d^{xh) + {p-l)h] = Q, (5) 



h{x,{)) = hQ{x). (6) 
Our precise assumptions on the kernel K are as follows. We assume that K satisfies 

G C°((0,oo) X (0,00)) , K{x,y) = K{y,x)>Q for ah x, y G (0, 00) , (7) 

is homogeneous of degree 7 G (—00, 1), that is 

K{ax, ay) = a'^K{x, y) for all x,y £ (0, 00) , (8) 

and satisfies the growth condition 

K{x, y)<C {x^ + y^) for ah x, y G (0, 00) . (9) 

Our main result can now be formulated as follows 

Theorem 1.1. Given 7 G (—00, 1) and a kernel K that satisfies assumptions ©-([ll), then for 
any p G (7,1) there exists a weak stationary solution h to This solution is nonnegative, 
continuous and satisfies 

h{x) ~ (1— as X —)■ 00. 

Remark 1.2. While our result covers a wide range of kernels, in particular for example the 
product kernel K{x, y) = (xy)'^^'^ and the general sum kernel K{x, y) = x'^y"'~°' + 
with a > 0, it does not apply to singular kernels, such as Smolochowski's kernel K{x, y) = 

main reason is that for the type of kernels considered in this 
paper our global estimate ()16p suffices to prove that the nonlinear integral terms in ([5|) are 
well defined, but this is not sufficient for singular kernels. However, we expect that we can use 
regularizing properties of singular kernels to show that h is small as x ^ 0. Then it is possible 
to extend our strategy to cover also this range of kernels with some additional technical effort. 
This analysis will be the subject of future work. 

Remark 1.3. We prove under rather minimal assumptions on the kernel K the existence of 
a weak continuous solution. One would expect that for a kernel that is locally smooth, the 
self-similar solution is locally smooth as well. The proof of such a property is however not, 
as one might first expect, a straightforward bootstrap argument due to the possibly singular 
behavior of solutions near x = and we do not further explore this issue in this paper. 
A related issue is the behaviour of self-similar profiles as x — > 0. For mass-conserving self-similar 
solutions for product type kernels with 7 G (0, 1) it has for example been rigorously established 
in [T7], that solutions behave as h{x) ~ cx~'^ as x ^ (see also [6l [9] for related results on 
other type of kernels). However, without any further assumptions on the kernel, such as certain 
lower bounds, we cannot expect a universal behaviour as x ^ 0. This already follows from the 
trivial observation that our result also applies to the case K = Q for which h{x) = [1— p)x~P . 
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1.3 Strategy of proof 

Our strategy to find a stationary solution to ([5]) will in principle be the following. We consider 
the corresponding evolution problem and prove that it preserves a convex set that is compact in 
the weak topology and contains functions with the expected decay behaviour. This will allow us 
to prove the existence of a fixed point by a variant of Tykonov's fixed point theorem. However, 
it is not so easy to prove well-posedness directly for (IS])-® since we need to consider the well- 
posedness of the problem in a space of functions that are singular at the origin. Uniqueness 
and continuous dependence is difficult to prove for ([S])-® without careful asymptotic estimates 
for the solutions near the origin. Instead, we will consider a family of regularized problems and 
prove that self-similar solutions for this regularized problem exist and satisfy uniform estimates 
that allow us to pass to the limit in the corresponding equation. 

We now describe the regularization procedure in more detail. We consider a family of problems 

Kxiy,z) 



dth + dx 







-h{z)h (y) dz dy 



(3 [dx (xh) + (p-l) h] = , A > , (10) 
h{x,0) = ho{x) , (11) 



where we define Kx by means of 

K.fa..) = iffe..)c(f)c(f)c(3^)c(^) . o<A<i. (12) 

where ( € C°° [0, oo) is a cutoff function satisfying C' > 0, C (•?) = if s < ^, ( [s] = 1 if s > 1. 
We will obtain existence and uniqueness of solutions to the problem (jlOp -(jlip using standard 
fixed point arguments (cf. Proposition 12.51 and Lemma 12. 7p and prove continuity of the cor- 
responding semi-group in the weak topology (Proposition 12. 8| ). This can be done in suitable 
subsets of certain Banach spaces. More precisely, we consider the metric space Xp of nonneg- 
ative Radon measures, which we denote by some abuse of notation by hdx E A^~^ ([0, oo)), 
satisfying the condition 

f^h{x)dx 

sup < oo . (13) 

Since hdx might contain Dirac masses away from the origin, we need to make the notation 
h{x) dx precise. Here and throughout the paper we understand this integral in the sense of 
/(f h{x) dx = /jQ^^j h{x) dx. 

We give Xp the structure of a metric space by means of 

I h (x) dx\ 

W^Wxp — ^^P — j^l-p dist (^1, /l2) = — /l2||;fp • (14) 

Given any T > we can define a metric space C ([0, T] ; Xp) via 



sup \\h\\^ , dist (/ii, /12) = — /12II • (15) 
o<t<T '' 



The set that will be shown to be invariant under the evolution induced by (|10p - (jlip will be the 
set y of measures h G A4^ ([0, 00)) satisfying 

/ h (x) dx < R^-P , R>0 (16) 
Jo 

h{x)dx>R^-P [l-^ , i?>0, (17) 
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for a sufficiently large Rq and a sufficiently small 5 > 0. It is straightforward to see that this 
set is convex and compact in the weak topology. 

The heart of our analysis is the proof of the invariance of ()16p and ()17p under the evolution 
(jlOP - (jlip . The upper bound (jl6p can be proved by analyzing a simple differential inequality 
that is satisfied by ^] h{x)dx (cf. Proposition 13. The proof of the invariance of (fTTl) is 
more delicate and is contained in Sections 13.2113.51 

To explain the main idea it is useful to comment first on the particular choice (|17p for a lower 
bound. If we consider (|10p - (jlip with Kx = we obtain a linear transport equation that has 
the explicit solution h{x,t) = eP^^ho[xe^^) . If we take data h^i^x) = x' we find 



h{x,t) = X-P{l - ~ x~p{l - ^) + C5(3tx 



-ip+S) 



and thus obtain an improved lower bound for positive times. Our task is then to show that 
the additional error terms induced by the nonlinear coagulation term can be absorbed into the 
positive term if 5 is sufficiently small. 

In order to prove the invariance of (jl7p we now write (jlOp -(|li p as 

dth{x,t)+h{x,t) r ^^i^h{z,t) dz 



JO z 

Kx{y,x-y) ^ t) - /3 [xd,h + ph] = (18) 

[x - y) 

h{0,-) = ho. (19) 
It is easy to see, by testing with a function ijj = ip{x, t), that one obtains 

h{x,t)'il){x,t) dx = j ho{x)'il;{x,0) dx 



if ijj solves the associated dual problem 
f°° Kx (x, z) 

— dsTp {x, s)— ^ — h {z, s) [ip {x+z, s) — ijj (x, s)] dz+l3xdxip {x, s) — /3 (p— 1) ip (x, s) = 



(20) 

with 

i;{x,t) = X[o,R]{x) ■ (21) 

Thus, in order to estimate J^h{x,t)dx we need to estimate 'tjj{x,0) from below. It is worth 
remarking here that also our proof of weak continuity of the semi-group relies on using the 
solution of the dual problem as a test function. With regard to an estimate of ip{x, 0) as above, 
it turns out that in the case of kernels satisfying ([9]) and measures h satisfying (fTBI) and (fT7|l we 
can construct a subsolution for ip by replacing the term .^A^iiSl/j (2;, s) by a suitable power law 
(Lemma l3.5p . The equation for the subsolution has an explicit self-similar solution (Proposition 
13. 4p . Finally, it remains to work out that this subsolution is sufficiently good to show that (I17p 
is preserved under the evolution. This is done in Section [3. 5| see Proposition 13.71 
A variant of Tykonov's fixed point theorem now guarantees the existence of a stationary solu- 
tion hx to (jlOp . The invariance of 3^ together with its weak compactness allows us to find a 
subsequence that converges weakly to a measure h. Since /i G 3^ it is not difficult to show that 
h is also a weak stationary solution to ([5]) (cf. Proposition 14. ip . In the last two subsections we 
then show that this weak solution is in fact also continuous on (0, 00) (cf. Lemma l4.2p and has 
the desired decay behaviour (cf. Lemma HTSP . 
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2 Analysis of the regularized problems (1101)- (flTI) 
2.1 Well posedness of the regularized problem. 

As a first step we study the regularized equation ()18p -(fT9]) for which well-posedness can be 
easily proved. This will allow us to define a family of evolution semigroups {S\ (t)}_)^>o • 
We introduce the change of variables 

x = Xe-^^ , h{x,t) = H {X,t) (22) 

such that (UHll-dlHl) becomes 



dtH {X, t) + H {X, t) / ^-H {Z, t) dZ 

Jo ^ 



~ Jo (X-Y) ^-H{X-Y,t)H{Y,t) dY-(3pH{X,t) = (23) 

H{0,-) = ho (24) 
This can be rewritten as 

dtH {X, t)+A [H] (X, t) H (X, t)-Q [H] {X, t) = , (25) 

with 

A[H]iX,t)= I ^ ^ LH{Z,t)dZ-Pp, (26) 







(Ye-^^ iX-Y) e"^*) 
Q [H] {X, t) = ^ {^TyY^ ^ • ^^^^ 

This particular reformulation is convenient in order to preserve the nonnegativity of H in fixed 
point arguments. 

Definition 2.1. We say that H G C([0,T] ]Xp) is a mild solution of [2^)-[24\) if it satisfies 
for every t £ [0, T] the equation 



H {X, t) =ho (X) exp (- ^ [H] s) ds 



+ 



exp 1^ A [H] {X, rf?) Q [H] {X, s) ds =: T[H]{X, t) 



(28) 



in the sense of measures. 

Note that if H{-,t) is a measure and K is continuous, then A is continuous in X. Furthermore, 
Q is a weighted convolution of measures and hence also a measure. Thus, T is well-defined. 

Lemma 2.2. For any A > and any Hq € Xp there exists a time T > and a unique mild 
solution of (E^j-I^ in [0,T]. 

Proof. We are going to prove the well-posedness of ([28|) in the metric space C ([0, T] ; Xp) using 
a fixed point argument. In the following it will be crucial that K\{X,Z) = for small X,Z. 
As a consequence all the constants will depend on A. 
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Our goal is to prove that the operator T maps the subset 



U 



into itself and is strongly contractive if T = T(A) is sufficiently small. 
In the following we will often use that ||/i||a'„ ^ Co implies that 



r ^ dz < CoC{a)x^-P-'' if a > 1 - p. (29) 



In fact, using a dyadic decomposition, we find 



Jx „_n-'2"a; 



a 



dz 



n=0 ■ 

<V(2"x)""/ 



n=0 -2"^ 

oo oo 

< Co^ (2"x)~°(2"+ix)'-'' = 2Cox^-''-° J^2"(i-^-") 

n=0 n=l 



and thus (f29|) follows. 

We first estimate ^ [i^] for € Xp. Using that i^A (Xe"'^*, Ze"^*) vanishes if Z < A and ([29]) 
we obtain that A [H] {X,t) < C\ for H ^ U, X < 1. On the other hand, in order to estimate 
A[H] {X,t) for X > 1 we use the fact that Kx {Xe-^\Ze-^^) vanishes if (l - |) Z < |X 
Then (HHD implies that 



Jo Z -^2^^ 

Since p > 7 it follows that A [H] {X, t) < Cx ior H e U, X > 1. Therefore: 

A [H] {X,t)<Cx for H , X>0. (30) 
Moreover, we can estimate Q [H] {X,t) in the norm IHI;^;'^. In fact, due to ([9]) and (fT2]) we find 



/ Q[H]{X,t)dX<Cx / 1) ' HiX-Y,t)H{Y,t) dYdX 

Jo Jo Jo {^-J^ ) 

[■R fR Y1 4- X"' 

= C / ^ H{X)dXH{Y)dY . 

Jo Jy+x X 



i-R r-R y7 _|_ 

lo Jy+x 

If ii < 1 the above estimate implies that 

rR 



[ Q[H]{X,t)dX < CxW {B}-pf < CxR^^r 
Jo 



To treat the case i? > 1, recall that due to H{-,t) G Xp, estimate (j29p and the fact that 7 < p 
we have that 

r+, X - {Y + X)P A Z'-' ~ 
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This implies 

"if. 







Q [H] {X, t)dX <C 



< C 



R 

R y7 



R 



H{X) 



dXdY + 



<CxR 







{¥ + X)P 



Y+X X 

H{Y) dY + CxR^-^ 



R 



H{Y) 



H{X) 



dXdY 



and thus 



\\Q[H]{;t)\\x,<Cx^ 
Using ([28]), (I30D and (ini) it fohows that for H 



(31) 



\T[H]{.,t)\U<2\\h 



0<t<T. 



if T = r(A) is sufficiently small. Note that for any H we have T [H] > by construction. 
Therefore T maps W to W if T > is sufficiently small. 
Analogous arguments yield 



1^ [Hi] {X, t)-A [H2] {X, t)\<Cx \\Hi - H2\ 



Hi, H2€U, 



\Q[Hi] {.,t) -Q[H2] (-.t)!! V < Cx \\Hi - H2 {■,t) 



Hi, H2eU. 



As a consequence we obtain that T is strongly contractive if T is sufficiently small and Banach's 
fixed point theorem implies that there exists a unique solution of the equation H = T [H] in U 
in[0,r]. □ 



We need to prove that a mild solution of ()23p - (j24p is also a weak solution in the following sense. 



Definition 2.3. We will say that H is a weak solution of l\2':S\)-[E^ in [0,oo) x [0,T] if for any 
t € [0, T] and any test function ^ € Cg ([0, 00) x [0, t]) we have: 



H (X, t) i) {X, t)dX - / ho {X) Tp {X, 0) dX 



ds^ {X, s) H (X, s) dX 



ds 



j i) {X, s) A [H] {X, s) H {X, s) dX 



ds + 



(X, s) Q [H] {X, s) dX 



ds . 
(32) 



We have the following result. 



Lemma 2.4. Suppose that H ^ C ([0,T] ; Xp) is a mild solution of i23\)-[24^. Then, it is also 
a weak solution of i23\)-[^^ in the sense of Definition[ 



Proof. We have seen in the proof of Lemma [2.2l that A [H] is continuous in X and t and bounded 
and that Q [H] is a locally bounded measure. Hence we can take the time derivative in the 
weak formulation of (128p . that is after multiplying (\28h with Tp € Co([0,oo)) and integrating. 
We can do the same ii ip = ip{X, s) with ip € Cq ([0, 00) x [0, t]) which implies the statement of 
the Lemma after integrating over s. □ 

We can now use the weak formulation for H to show that we can extend the local solution for 
all times t > 0. 
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Proposition 2.5. For any A > and any /iq € Xp there exists a unique mild solution of 
i23\) -(24^ for all times t > 0. Moreover, for any T > there exists a constant C{T) that is 
independent of A such that 

sup <C(r) . (33) 

0<t<T 

Proof. The local solution of Lemma 12.21 can be extended in time as long as we have a uniform 
estimate for (•, ^)||_;^,^ . 

In order to derive this estimate, we recall the well-known reformulation of the nonlinear coag- 
ulation term, stated here for general functions ^|J, h and K. 



ip{x) 



K{x,z) 



h (z) h (x) dzdx — I ip (x) 



ip{x) 
dx 



K {x, z) 



K{x,z) 



z 

K{x,z) 



h {z) h{x) dz dx 



h (z) h{x) dz dx 



K{y,x-y) 
{x - y) 
K {y, x-y) 



{x - y) 
Kiy,z 



h{x — y)h {y) dy dx 

h{x — y)h {y) ip (x) dxdy 



h (z) h (y) {z + y) dz dy 



h (z) h (x) [ip (x) — {z + x)] dz . 



(34) 



We use now (j34p in (j32p for a nonnegative test function that is independent of t and decreasing 
(the different arguments Xe~^^ etc. in Kx do not affect ()34p ). This implies due to the positivity 
of H that 

H{X,t)iP{X)dX < J ho{X)jp{X)dX + J H{X,s)^{X)dXds. (35) 

We can now consider a sequence of test functions ip that approach the characteristic function 
on [0,-R]. By a Gronwall argument we obtain (j33p with C (T) independent of A. This implies 
that the solution H is globally defined in time. □ 

We can define weak solutions of (I18p - ()19p in the same spirit as in Definition 12.31 

Definition 2.6. We will say that h is a weak solution of ^W\j-^^ in [0, cxj) x [0, T] if for any 

t G [0, T] and any test function ip Cq ([0, oo) x [0, t]) we have 



h {x,t) Ip {x,t) dx — / ho (x) Ip {x,0) dx 



+ 



tpix,s) 
ip{x,s) 



K\{x,z] 



h{z, s)h{x, s) dz dx 



dgip (x, s) h (x, s) dx 
ds 



ds 



Kx jy, x-y) 
{x - y) 



h{x — y,s) h {y, s) dy dx 



(36) 



ds 



dx (xtp) h (x, s) dxds — p^p ip (x, s) h (x, s) dxds = . 



+ /3 



By a simple change of variables and adapting the test functions correspondingly we obtain the 
following Lemma. 
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Lemma 2.7. Suppose that H ^ C ([0, T] is a solution of [2^) -[24\) in the sense of Defini- 
tion \2.1\ Then, the function h defined by means of i22\) is also a weak solution of il8\ )- [Ty\) in 
the sense of Definition \2M 

It will be convenient in the following to work with the notion of weak solutions, in particular 
for the proof of the weak continuity of the evolution semigroup. Given /iq G Xp and H as in 
Proposition 12.51 we can define h as in (j22p . We will write, for any A > 

Sx{t)hQ = h{;t) , t>0. (37) 

Prop osition 12.51 implies that S\ (t) maps Xp into itself. Moreover, it satisfies the usual properties 
satisfied by evolution semigroups 

Sx{tl)Sx{t2)=Sx{ti+t2) , tl,t2 G [0,oo) , 5a(0)=/. 

Our next goal is to show that the maps S\ (t) are continuous in the weak topology. 

We introduce, for further reference, the following auxiliary semigroup. Given Hq G Xp and H\ 

as in Proposition 12.51 we define 

Tx{t)ho = Hxi;t) , t>0 (38) 
We remark that T\ (t) also satisfies the semigroup properties. 

2.2 Continuity of Sx (t) in the weak topology 

Proposition 2.8. A closed ball in Xp C {[0,oo)) is a compact subset o/ ([0, oo)) 
endowed with the weak topology. The transformation Sx {t) defined by means of (37^ for any 
t G [0, T] is a continuous map from Xp into itself. 

Corollary 2.9. The mapping Sx {t) : Xp ^ Xp is compact for any t G [0, T] if Xp is endowed 
with the weak topology. 

Remark 2.10. The continuity that we obtain is not uniform in A. 

Proof of Proposition \2.8[ The transformation (I22p is continuous in the weak topology by the 
fact that the adjoint transformation, that acts on the test functions, brings the space [0, oo) 
to itself and is continuous in the L°°-norm. Therefore, we just need to check that the trans- 
formations Tx (t) given in (j38p is continuous in the weak topology. Since the transformation is 
nonlinear it is not sufficient to check continuity at /iq = 0. More precisely, let us fix some time 
t G [0, T] and consider a test function tp {X) , ip G Cq{[0, oo)). Suppose that we have two func- 
tions Hi, H2 such that Tx (t) /io,fc = Hk (•, t) , k = 1, 2. We want to show that / -ip [Hi — H2] dX 
can be made small if Hq^i, /io,2 are close in the sense of the weak topology. 
To this end we will construct a suitable function ijj {X,t) such that ip {X,t) = tp {X) and 

j {Hi (X, t) - H2 (X, t)) (X) dX = j {ho,i (X) - ho,2 (X)) ^p {X, 0) dX (39) 

To see how to define ip, observe that due to Lemma 12.41 we have that Hi and H2 satisfy (132p . 
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(40) 



ds 



Subtracting these equations we obtain 

{Hi (X, t) - H2 {X, t)) ip (X, t)dX- J (/io,i (X) - /io,2 {X)) iP {X, 0) dX 

~ L / ^'"^ ~ ""^^ 

+ ^* y V s) [ii'i] {X, s) Hi (X, s) - ^ [H2] (X, s) s)) dX 

- J ij{X,s){Q[Hi]{X,s)-Q[H2]{X,s))dX ds = . 

We need to transform the last two integral terms on the left-hand side of (j40p . To this end note 
that 

J V {X, s) {A [Hi] {X, s) Hi {X, s)-A [H2] {X, s) H2 (X, s)) dX 
Kx {Xe-^',Ze-^') 



i;{X,s) 



Hi{X, t)Hi (Z, s) - H2{X, t)H2{Z, s)) dZ 



PpJ^P {X, s) {Hi {X, s) - H2 {X, s)) dX 

Hi{X,s) {Hi{Z,s)-H2{Z,s)) 



+ {Hi{X,s)-H2{X,s))H2{Z,s) 



dZ]dX 



^ 1 f i(Y r Kx{Xe~^^,Ze-f'^ 



Z 



{Hi{X,s)-H2{X,s))Hi{Z,s) 



+ H2{X,s){Hi{Z,s) - H2{Z,s))^dZj dX-Pp j ij{X,s){Hi{X,s) - H2{X,s))dX 
Kx (Xe-/^^ Ze-^') rHi{X, s) + H2{X, s) 



^Eli^A±IM^^Hi{X,s)-H2{X,s)) 



{Hi{Z,s)-H2{Z,s)) 
dZdX 



I3p J i>{X,s){Hi{X,s) - H2{X,s))dX . 



Hence 



J ip {X, s) {A [Hi] {X, s) Hi {X, s)-A [H2] {X, s) H2 {X, s)) dX 
■G{Z,X,s) 



+ 



G{X,Z,s) 
Z 



{Hi{Z,t)-H2{Z,s)) 



{Hi {X, s) - H2 {X, s))yZdX - I3p J\p {X, s) {Hi {X, s) - H2 {X, s)) dX , 



where 



G {X, Z, s) = Kx (Xe-^^ Ze-f^' 



Hi {Z, s) + H2 {Z, s) 
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Exchanging the labels Z and X in the first term on the right hand side, we find 
y V {X, s) {A [Fi] (X, s) Hi {X, s)-A [H2] (X, s) H2 {X, s)) dX 



G{X,Z,s) 
X 



{Hi{X,s)-H2{X,s))i^{Z,s) 



+ (^1 (X, s) - H2 {X, s)) i; (X, s) ) dZ dX 

-pp j ^ (X, s) {Hi (X, s) - H2 {X, s)) dX 
= I {Hi{X,s)-H2{X,s)) 1^ 

-f3pji; (X, s) {Hi (X, s) - H2 (X, s)) dX . 
In exactly the same way we obtain 



z 



(X, s) {Q [Hi] (X, s)-Q [H2] (X, s)) dX 
j {Hi (X, s) - H2 (X, s)) (^j^ ij{X + Z, 



s) 



G (X, Z, s) G (X, Z, s) 



+ 



X 



dZ\ dX^ 



In summary, equation ()40p can be rewritten as 
j {Hi{X,t) - H2{X,t))i/j{X,t)dX - J (/io,i(X)-/io,2(X))^(X,0)(iX 



a,v(x, s)(/?i(x, s) - F2(x, s))(ix 



ds 



1^ \ I {Hi{X, s) - H2{X, s)) s) + ^^^;^''^ V^(X, s) ) dZ dX 



X 



Z 



ds 



+ 



[ j {Hi{X, s) - H2{X, s)) m + Z, s) + ^(^^^ dX 

- PpJij{X, s) {Hi (X, s) - H2 (X, s)) dX dt . 
Hence, in order to obtain (|39|) . we choose ip as the solution of the following equation 

ds^{X,s) -- 



ds 



Z 

G{X,Z,s) ^ G{X,Z,s] 



poo 

/ iP{X + Z,s) 
Jo 

PpJ^P (X, s) {Hi (X, s) - H2 (X, s))dX. 



dZ 



(41) 
(42) 



with initial value 

i;{X,t) = i;{X) . (43) 

This equation can be solved for any A > in the class of functions ip & G^ ([0)^] • C[0,oo)) 
such that supj(^>q(1 + X)i{j{X) < 00 (see Lemma 12.111 below) . and thus (I39p holds. Due to the 
decay of ^p{X, 0), the fact that /io,i — /io,2 S '^p and ([29|) the function (X, 0) can be replaced 
by a function with compact support and this finishes the proof. □ 
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In the proof of Proposition 12.81 we have used the well-posedness of the problem ()42p - (l43p . 

Lemma 2.11. Let us define the Banach space Z as the space of functions 99 € C [0, 00) satisfying 
^^\\z ~ s^Px>o ~^ V (^) < ^o''' '^''T-y ^ S Cq [0, 00) there exists a unique solution ip of 
gip-gg) such that il^eC^ ([0, t] : Z) . 

Proof. Note that due to the growth of Kx , the function G can in an averaged sense be estimated 
by X'^ Z~P + Z^~P ^ while H can be estimated in an average sense by Z~p . Furthermore, recall 
that Kx vanishes if X and Z are small. Therefore, we can prove as in previous arguments, using 
pgp . that all the integral operators in (I42p map Z into itself. Since (I42p is a linear equation 
for ^/j, the statement of the lemma follows from a standard fixed point argument. We omit the 
details here. □ 



3 Invariance of the set 3^ under the semigroups S\ {t) . 

The next goal is to show that the set y defined by means of (116p - (ll7p remains invariant under 
the action of the semigroup Sx (t) ■ We first prove the invariance of the upper estimate ()16p . 



3.1 Invariance of the set defined by means of (I16p . 

Proposition 3.1. Suppose that ho satisfies < f7g|) and that h{-,t) is given by [37\ ). Then h{-,t) 
satisfies as well. 



Proof. This is a corollary of Proposition 12.51 Indeed, taking in (j35p as test function (after some 
approximation procedure), tp{X) = X[o,R]iX), we obtain by Gronwall's inequality and the fact 
that ho satisfies ([T6]) 

rR 



I H{X, t) dX < R^-Pe^ 
Jo 



Now a change of variables from X to x gives 



J h{x,t)dx < [Re~^^j , i > 0. 



Since R is arbitrary, it follows that 

-R 



I h (x, t) dx < R^'P , for aU > and t > 

Jo 

and the result follows. □ 



3.2 The dual problem 

Our next goal is to show that also property (jl7p is invariant under the semigroup Sx {t) . In 
order to prove this we derive first a formula that allows us to compute the change of mass fluxes. 
More precisely, we compute the rate of change J tp (x, t) h (x, t) dx for some particular class 
of test functions. 

Recalling (|34p we find that h satisfies 



dt{ I h{x,t)ip{x,t)dx] = I h{x,t)dx I ^ ^ [V^ {x + z,t) - ip {x, t)] dz 



(44) 

/? / xdxip {x,t) h {x,t) dx + (3 I {p—l)h{x,t)'ip{x,t)dx+ I h {x,t) dfip {x,t) dx . 
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Using Fubini's Theorem we also have the analogous result for weak solutions. 



Lemma 3.2. Suppose that h is a weak solution of [W\) - [W\) in [0, oo) x [0,T] , in the sense of 
Defimtion \2.6l Then for any tp £ Cq ([0, oo) x [0, T]) we have 



h {x , t)ilj {x , t) dx — / ho (x) i/j {x , 0) dx 



dstp {x, s) h {x, s) dx 



ds 







h fx, s) 



K\ {x,z) 



h (z, s) [V' (x + s) — -0 {x, s)] dz dx 



ds 



10 z 

+ /3 / / x9a;V' (x, s) h (x, s) dxds — P (p— 1) / j ip {x,s)h (x, s) dxds = . 
Jo J Jo 



(45) 



Formula (j45p suggests a particularly convenient choice of the test functions ip as described in 
the introduction. More precisely, suppose that we choose (x, s) as the solution of the equation 

f°° Kx (x, z) 

—dstp (x, s)— — h {z, s) [ip (x+z, s) — ip (x, s)] dz+f3xdxip (x, s)— /3 (/O— 1) V' (^^j •s) = 0. 

Jo ^ 

(46) 



Then (1451) becomes 



Mx,t)^(x,t)dx = //.o(x)^(x,0)dx. 



(47) 



In order to check ()17p we need to estimate quantities like h (x, t) dx. This suggests to study 
the solutions of ()46p such that ip{x,t) is the characteristic function of the interval [0,R] . We 
will next prove that the solution of such a problem exists and construct a subsolution. 



3.3 Solvability of the dual problem 

We can simplify (j46p by a change of variables 

tp (x, s) = exp (-/3 (p-1) (s - t)) * (X, s) , X = xe/^^"^*) 
that transforms ()46p into 

a,vI/(X,s)+ ' 



(48) 



/i (^Ze~^^'^^\sj (X+Z, s) (X, s)] = 

(49) 



with initial data 



^{X,t)=xio,E]{X) 



(50) 



Lemma 3.3. There exists a unique solution € L°°(0,(X)) x [0,t]) to (H9]l - (f50p . /i satisfies 
^{X,s) = /or all X > R and s € [0,t]. 

Proof. Recall that i^^ vanishes for small Z. Hence the well-posedness of the equation in the 
class of bounded functions follows by a standard fixed point argument. □ 

To derive more quantitative information about the solutions of ()49p -()50 p we construct a suitable 
subsolution for (figjl - d^ . 

For the following we write t = s — t, ^{X, r) = ^{X, s) and 



Q{X,Z,t) 



KxiXe-f^^'-'^Ze-^^'-'^) 



Z 



h(^Ze-^^'-'\s) , 
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such that 

/•oo 

dr^iX,T)- QiX,Z,T)[^{X + Z,T)-^{X,T)]dZ = 0, ^(X,0)=X[o,R]W- (51) 

Jo 

Due to the properties of h and (1291) we have for < r < 1 and X < R that 

/•oo 

/ Q (X, Z, r) < KR^-P (52) 

and this motivates to consider the auxihary problem 

dri^ (X, r) - [i^ {X + Z,T)-i, {X, T)]dZ = 0, ^ (X, 0) = xio,R] {X) • (53) 

It is natural to look for self-similar solutions of (l53l) . Note that iI){X,t) = Q \i X > R. We 
change variables as 

^ 

a = /9 — 7>0, Y = J — , Z = T~^T] 



and look for solutions of the form tP{X^t) = W{Y). Then W solves 
1 1 

-YW'iY)= ——[W{Y)-WiY-7])]dr], yG(0,oo) 
a Jq 7]^+'^ 



(54) 



and 

W{Y) = {) for y < , (y) ^ 1 as y ^ oo . (55) 



Proposition 3.4. There exists a unique positive solution to (|54p -(j55 p . It is increasing and 
satisfies 

W'{Y)r^^ asY^^. (56) 

Proof. We can solve (j54p - (|55p explicitly via Laplace transform. Indeed, the Laplace transform 
W{p) = e-^PW{Y) dY of W solves 



-{Wip) +pW'{p)) = Wip)p'' / dz = W{p)p''^- ' 



that is 

W'{p) = -Wip)^[l+p''T{l-a)) . (57) 



Together with the constraint that 1 — W(y) — )■ as y — > oo, the solution is uniquely determined 
and given by W{p) = ^e~^^^~"'^P'' . Now VF(y) can be computed using the inverse Laplace 
transform together with contour integration. We obtain 

WiY) = 1 + - / _e-yp-r(i-aKcos(™) f r(i_a) sin(7ra)p" ) dp 
Jo P ^ ' 



and 

f CX) 



1 / 7°" \ 

W\Y) = / e-^-^^^-'^^^YT cos(™) g-j^ (^r(l-a) sin(7ra)p^ j . 

J 

From this the decay behaviour (j56p follows immediately. □ 
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3.4 Comparison argument 

Lemma 3.5. Let ^(X, r) be the solution of (jST]) and iIj{X,t) be the solution of 
""^ dZ 



drip {X, t)-M 



V^(X + Z,r)-V(X,T) =0, V(^,0) =X[o,i?] W (58) 



with M > 0. Then r) > r) for all X,t > if M is sufficiently large. 

Proof. Since the constant M can be absorbed into the time scale, it follows that the solution 
of problem (|58|) can be written as 



i/j {X, t) = W{Y) , with Y 



R-X 



where W solves (j54p . Since ip{X,0) = ^{X,0) = X[o,R]i^) it remains to show that 

/•oo 

dr1piX,T)< / QiX,Z,T) lPiX + Z,T)-lP{X,T) dZ 
Jo L -I 

for a sufficiently large M. Using i{j {X, t) = W (Y) we find that ()59p reduces to 



(59) 



Jo 



a T 



w 



R-X 



w 



V(Mr)« / 

By (I54p we obtain that this inequality is equivalent to 
1 1 



R-{X + Z) 



dZ. 



T Jo V 



l+a 



[W{Y)-W{Y-ri)] di] 



> / Q{X,Z,t) 
Jo 



(Mr)- / 



dZ 



>{Mt)- J Q(R-{MT)-Y,{MT)-r],T)[W{Y)-W{Y-rj)]dr] 



The inequality is trivially valid for Y < 0. For Y > 0, that is X < R, note that (see ([52 

C 

(Z,rj dZ < UR' = 

'R 

Therefore, it is sufficient to prove that 
1 1 



Q {X, z,t) <n {z, t) , n {Z, r) dZ < CR^<- 

Jr 



(60) 



r Jo V 



l+a 



[W (Y) -W{Y - 7])] dri 



>{Mt)- J n({MT)-i],T)[W{Y -rj)-W{Y)]drj. 



Using 9 = (Af r) a , we rewrite the previous inequality as 



M 



^ dr] 



V 



l+a 



[W (Y) - W (Y-rj)] > e^^" / n (07], t) [W (Y) - W (Y-rj)] dr] 
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Due to the scaling properties in (I60p it is sufficient to check the inequaUty 

/ F [r]) [W {Y) - W {Y-rf}] d-q < M / —— [W (Y) - W (Y-rj)] drj , Y>0, 
Jo Jo 



where 



\ F(Y)dY<—. 
To check this we write G (rj) = F {a) da, such that we are left to show that 

'^'^ ^"^^ [W {Y) - W {Y-r])\ dri<— H — ^ ( —] [W (Y) - W {Y-rj)] dr] , Y>0, 

a Jq di] \ri''J 



df] 

that is equivalent to 



or 



f°° d M f'°° I d 

/ G{r]) — [W (Y) - W [Y-r])] dr] < — -[W{Y)-W [Y-rj]] dr] , Y>0, 

Jo dV a Jo V^dr] 

POO M \ 

/ Gir])W' iY-r])dr]<— —W'iY-r])dr],Y>Q. 
Jo a Jq 77°^ 

Since G [r]) < ^ and W is increasing this inequality is satisfied and the proof is finished. □ 
Corollary 3.6. Let ^(X, s) be the solution of 1^. Then 

^{X,s)>W I — , I for all s € [0, t] . (61) 
\{M{t-s))-^J 

3.5 Proof of the invariance of ( 1171) 

Proposition 3.7. Suppose that Hq satisfies [TS\) and [T7\ ) with < 6 < p — j and sufficiently 
large Rq and that h{-,t) is given by J 5*71 ). Then, h{-,t) satisfies JiTp as well. 



Proof We use identities (07]), (gS]) and dMI to conclude 



^ h (x, t) dx > e-^^^-P^^ J ho (x) W 



R-xe-l^*^ 



dx . (62) 



h (x, t) dx > e-^^^-P^' / /lo (x) ( - 

{Mt)- 

We define Hq via h^ (x) = H'q (x), Hq{Q) = and since (fT7|) is satisfied for i = we have 



Ho{x)>x^-P[l-^] . (63) 



Integrating by parts in ()62p . using the previous estimate for Hq and the fact that W'iY) > 0, 
we find 

h (x, t) dx > e^^"-!)* / Ho (x) W \ — -dx 



(Mt)^ J {Mty 

> (i - 4~) w'( , 

Jo V V (Mt)- / (Mt)^ 
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which by the change of variables xe = y turns into 



h {x, t) dx> I y 











With the further change of variables Y = ^ \ we obtain 

(Aft) a 



R 



h{x,t)dx> {R-{Mt)^Y 



i-p 



( 



1-- ^5 



W (y) dY 



where we use that W {Y) = if y < and that the integrand is zero if y < Rqc that is 
if y > ^~^oe ^ ^ Rearranging the previous inequality and setting A = min ( ^~^oe ^ — R. 

we find 



R 



RP-^ h{x,t)dx> (l-iMt)-R-^Y 



i-p 



\RJ \i-(^Mt)^^ 



W' (Y) dY 



Note that in [0,^] we have Mta^ < 2, so that we can expand the nonlinear terms in Y to 
obtain 



R 



RP~^ / h{x,t)dx > (1 



Rn\^ 



R 



W'{Y) dY 



Cta 



YW'{Y) dY . 



Now recall that W'{Y) dY = 1 and W'{Y) ~ Cy-(^+'') as y ^ 00 such that 

f-A r-A 

/ VF'(y) dy > 1 - — and / YW' [Y) dY < C A^-'' . 
Jo Jo 



As a consequence we find 
f-R 



RP~^ j h{x,t)dx > (1 - 



1 J^a 



C \ Cta 



R 



A 



l-a 



Ro\^ 



R 



Ro\^^St 



R 



R 



C Ct a 



1 1— a 



A"" R 



(64) 



UA 



R 



2{Mt)a 



, this implies 



Ro\S 



R^'^ h{x,t)dx > (1 - 



r) 2 R^ 



On the other hand, if ^ = iL_Roe_^ \ime 

(Mt)a 



R 



RP~^I Mx,t)dx>(l-(^)Y+(^)"^ 



R 



Ro\Sf3St Ct 
R 



1 - ( ^e-P' 



2 R- /i_S.e-/3t 



R-\ R ' 
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Since a G (0, 1) we have 



R N i-a 1-1 



Thus, it fohows in both cases from ()64|1 that 



\ RJ 2^ i?« 



If 5 < a and Rq < R is sufficiently large, the second term on the right hand side is nonnegative 
and it follows that h{-,t) satisfies pT]) . □ 

4 Existence of self-similar solutions 

4.1 Existence of a weak self-similar solution 

Proposition 4.1. For any 7 € (0, 1) there exists a weak stationary solution h of 

Proof. We have proved that the semigroup S\{t) is weakly continuous and leaves the nonempty, 
convex and compact set y C Al'''([0,oo)) invariant. Then it follows by a variant of Tykonov's 
fixed point theorem (see Theorem 1.2 in [7]), that there exists hx € y that is stationary under 
the action of Sx{t), that is hx is a stationary mild solution of (|18p . Due to Lemma 12.71 the 
function hx is also a weak stationary solution of (jlSp and we obtain, taking test functions 
ip G C^{[0,oo)) in dSSI), that 

f°° Kx (x, z) f Kx (y, X — y) 

•0 (x) dx / — hx (z) /lA {x) = ip (x) / — — hx (x - y) /ia (y) 

Jo ^ J Jo [x-y) 

~ J '^x{xip) hx {x)dx + j3p j tp (x) hx (x) dx . 

We can rewrite this as 

(f-X POO J<[ (y 2:) \ 
J J ^ ^ ' — hx (z) hx {y) dz dyj dx 



= —j3 / dx {xijj) hx (x) dx + Pp I ip (x) hx (x) dx 

whence 



Kx {y, z) J 

J x—y Z 



13 I dx {xip) hx (x) dx + j5p I tp {x) hx (x) dx = 



(65) 



Using now again the compactness of y there exists h ^y and a subsequence A — >■ 0, such that 
hx h. We need to show that h satisfies ([65]) with K instead of Kx- We can easily pass to the 
limit in the last two linear terms on the right hand side. In order to show convergence of the 
nonlinear term, note that with (I29p we find 

r dz < C{x - y)~P and H dz < C{x - y^-P (66) 

J x~y ^ J x—y ^ 
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with a constant that is independent of A. Hence we can conclude that (I66p is also valid for h. 
We are going to show that I\h\ E L[g^([0, oo)) where 



I[h]{x) 



K{y,z) 



h{z)h{y) dz dy . 



Using 



J x—y ^ 

66|) and (jl6p and taking an arbitrary L < oo, we obtain 



(67) 



^0 Jx~y 



K{y,z) 



h{z)h{y) dz dy dx < C 



L ex 



Ky) 



10 JO 

<C{L) f\{y) 
Jo 

'0 



+ 



1 



{x-y)P 

<C{L) r h{y)dy<C{L) 
Jo 



{x-y)P {x-y)P-"i 
^ 1 

dx dy 



dy dx 



and similarly one finds I[h]{x) — >■ if \B\ — >■ which proves the claim. 
Next, we need to show that 



(*) : = 



L fx 



Kx{y,z) 



h\{z)hx{y) dz dydx 



10 Jo Jx-y ^ 

as A ^ for any finite L > 0. Now 

rL rx roo ^(^^ ^) 



L rx roo 



Jo Jx-y 



K{y,z) 



h{z)h{y) dz dy dx 



(*)< 



^0 Jx~y 

L fX foo 



+ 



Kx{y,z) 



10 JO Jx~y ^ 

and, using Q, ([l2|) and dMl), we find 



h{z)h{y) dz dy dx 



[hx{z){hx{y) - h{y)) + h{y){hx{z) - h{z)] dzdydx 



(68) 



JO Jx-y 



h{z)h{y) dz dy dx 



< C 



L />min(A,x) 



^0 
A 



h{y){y"'{x-y) ^ + [x-yf dy dx 



<C h{y)y^ {x-yyPdxdy + C h{y) {x-yy-^dxdy 



<C{L) / h{y)dy 
Jo 

< C{L)\^~P ^0 as A ^ 0. 

Using the weak convergence of hx as well as the same bounds and the fact that 7 < p, we can 
argue analogously to conclude that also the second term in (j68|) converges to zero as A ^ 0. 
This implies that h satisfies (|65p with Kx replaced by K and thus it is a weak self-similar 
solution. □ 



4.2 Continuity of self-similar solutions 

Lemma 4.2. The solution h from Proposition \4-l\ is continuous on (0, 00). 
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Proof. Recall that h solves equation (I65p with K instead of Kx, that is it satisfies 

(^I[h] - Pxhj = fi{l-p)h in V (69) 

with /[/i] as in ()67p . We have already seen in the Proof of Proposition 14.11 that I[h] € 
L\^^{[Q,oo)). Then it follows from equation ([69]) . that also xh G L^^^^[0,c») and I[K\ — /3xh 
is a function of bounded variation on any compact subset of [0, oo). Consequently, I[h] — /3xh S 

Next, we are going to show that I[h] is locally bounded on (0, oo). As a consequence of equation 
([69]) then also h is locally bounded on (0, oo). 

We are going to use a variant of Young's inequality for convolutions. In its simplest form it 
says that if /i G Li{R) and g £ LP(R), then h-kg e L'''(M) with i + i = 1 + ^ and 

< ll/llL.|bllLP. (70) 

Examining the proof of (j70p (see e.g. [15], pp. 92), we find that it can be easily adapted to 
show for 

F{x)= I h{y)g{x-y)dy and G{x) = / h{y)g{x-y)dy 

Jo Jx/2 

that for < L < oo 

II-^IIl'-[o,l] < II^IIl'j[o,l]II5'IIlp[o,l] (71) 

and for < a < L < oo 

IICIlL'-la.L] < ll^llL9[a/2,L]lbllLP[0,L] ■ (72) 

For the convenience of the reader we prove (I72p . To that aim we are going to show that for any 
f £ L'^ [a,L], where r' is the dual exponent to r, we have 

\\fG\\L^a,L] < \\f\\L^'[a,L]\\^\\L''la/2,L]\\9\\LP[0,L], (73) 

from which (j72p follows by duality. 
We define 

a(x,y) = |/(x)r'/a'|g(x-2/)r/^' 
f3ix,y) = \g{x-y)\P/^\h{y)\'>/^ 
7(x,y) = |/(x)r-'/P>(y)|'?/p' 

and note that ^ + ^ + f = 1- Then we can use Holder's inequality on 17 := {{x,y) | a < x < 
L,x/2 <y < xj, to find 

\\fG\\L^la,L]= / a(3jdydx <\\a\\^,^(^^^\\^\\Lr^<^^\\j\\^p,^^y 



Now 



\"\\i'in) = r r \fixW'\9{x-yWdydx 



V(x)r' r^'b(y)rdyrfx< ii/ii^„,(^^^jii5iii,[o,L]' 
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L fx 



a Jx/2 
L rx 



\h{y)\'^\g{x-y)\^dydx 



< 



a J a/2 
a/2 



\hiy)\'^\gix-y)\Pdydx 



\g{x-y)fdxdy < ||/i|lL[„/2,L] ll^llipp^ 



L] 



and 



I LP' (Q) 



< 



'-'[a,L]ll"'llL9[a/2,L] • 



r I r 

~T~\ 7 

q' p' 



L'-'[a,L]'l^llif[0,L]ll"llL^[a/2,L] 



4 + E 

9 



2 + 4 

p 



Hence, in summary we find 

\\fG\\L^[a,L] < 



and since all the exponents are equal to 1, this proves (j73|) . 

We apply now ([TT]) with p < l/p. Then, since I[h]{x) < C{L)F{x) on [0,L] it follows that 
I[h] £ LP[0,L] and consequently xh £ LP[0,L] and h G Lf^^(0, oo). 

In the next step we want to iterate this procedure. However, since h can be singular at x = 
(in fact, h{x) = {l—p)x~^ for K = 0), we now have to restrict ourselves to compact subsets of 
(0, oo). In the following we consider [a, L] with a > and a < L < oo, but otherwise arbitrary. 
Then, using ([72]) . we find 



\I[h]{x)\'' dx < C{L) 
< C 



" hjy) 
{x-y)P 

Ky) 



dy 



dy 



dx 
dx + 



,/2 {x-y)P 

^^(^){ll^llL«[f,L]lk"niLP[0,L] + 

<C{a,L)(l + \\h\\L.[^n\\x-P\\Lv[o,L 



x/2 



Ky) 



dy 



< 



{x-yy 



In the first step we take q = p with pp < 1 as above. Then we find I[h] G L[q^(0,L) with 
^ = I — 1. Consequently, also h G -L[q^(0,L), and we can iterate the procedure until after a 
finite number of steps we can take r = oo. This proves that I[h] and h are locally bounded on 
(0,oo). 

It remains to show that h is continuous. To that aim we are going to show that I[h] is continuous 
from which the claim follows. Let < xi < X2 < oo. Then 



i[h]{x2) - mixi) 



< 



X2 roo 



K{y,z) 



h{z)h{y) dz dy 



Xl Jx2-y 

^1 r^^-y K{y,z) 



+ 







< C 



xi-y 
1 



Z 



h{z)h{y)dzdy 



1 {x2-yy 



dy 



+ C 



Xl i-x2-y 



xi~y 



h{z) 



dz dy . 



The first term on the right hand side clearly converges to zero as xi — > X2. For the second term 
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we can estimate 

/ ---^dzdy= / / ^dzdy= / / '^-^ dy dz 

Jxi-j/ ^ JO Jxi z~y Jxi Jo 

<C f ^ - — dz = C^(x2 - xi)^-P 
as xi — >■ X2. This finishes the proof of the Lemma. 

4.3 Decay behaviour 

Lemma 4.3. The solution h G y from Proposition satifies h[x) ^ {l—p)x~P as x ^ oo. 



□ 



Proof. Taking (after some approximation procedure) in (I65p with K instead of K\ as test 
function the characteristic function in the interval [0, R] we obtain 

R r°° Kiv z) 

' h{z)h{y)dzdy - (3Rh{R) - /3{p-l) hdx = 0. (74) 



10 JR-y Z Jo 
Using, as in the proof of Proposition 14. H assumption ([9]), ()16p as well as ()66p . we find 

Wo (R-vY jRi2{R-y)' I 



(75) 



We first observe, using (|T6|) . that 

i-RIi h(y) rR/2 

/ Tir^o ^ / ^(?^) ^ ' ■ 

Jo [R - yr Jo 

Next, we denote the variable in ([71]) as x, divide by f3x{R — x)p and integrate from R/2 to R. 
This gives 

rR rR -] fx 

h{y) dy 



/ 7 — -^-rdx<{l-p) — -/ 



+cr , ry^d, =:(/)+(//). ^''^ 

7^/2 a;(i2 - x)p (x - y)p ^ V ; I ; 
The first term of the right-hand side of ()76p is easily estimated, using (jl6p and p < 1, as 

(/)<(l-p) /"^ — -dx = {l-p)R^-'^P C —^-—dt<CR^-^P. 

J R/2 XP{R - X)P ^ A/2 ^^(1-0" " 

Furthermore, exchanging the order of integration, we find 

^'•'^^-RLnW^'L (^*'^ 
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Since we have for y G (0, R/2) that 



R/2 {R - x)p{x - vY 



dx = R^~^P 



/2 {l-t)P{t-y/R)P 



dt < CR^~^P 



and 



R 



{R - x)P{x - y)P 
we find, using again (fT6|) . that 



dx = R^-^P 



y/R (1 - iyit - y/RY 



dt < CR^-^P , 



fR 

{II) < CR~^P+^ / h{y) dy < CR^ 
Jo 



-3p+7 



In summary, since /? > 7 we obtain for R > 1 that 

h{x 



In/2 {R - xY 
so that in total we deduce from ([75]) that 

/■« K{y,z) 
Jo Jr-v ^ 
Thus, (j74p as well as property (jl7p . imply that 



dx < C{R^~^P + R^'^P+^f) < CR^~^P 



h{z)h{y)dzdy < CR^~^P^^ . 



h{R) 



l^J^h{x)dx 



1 



< C 

< c 



/(f h{x) dx 



as i? — 7> 00. In particular this implies that 



h{R) 



'-Tfj!^h{x)dx 



1 _ ( 
^ ' R 



< 2 



(77) 



for sufficiently large R. Hence, with some uj{R) ^ as i? — ?> 00, we have, using (II 7p . that 



hiR) 



{l-p)R~ 



< 



< 



h{R) 



h{R) 



{l-p)R'P k^J^h{x)dx 
h{R) 



+ oj{R) 



< 



il-p)R-(^+P^ h{x)dx 
h{R) 



R-P 



R 



R 



h{x)dx) +uj{R) 



{l-p)j^f^^hix)dx^R 
—7-0 as i? — 7> 00 , 

which finishes the proof of the Lemma. 



□ 
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